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Lorentz violation is motivated by quantum gravity and it is generically described by nondynamical
tensors. In this work a Lorentz violating extension of general relativity is studied where a nondy-
namical tensor couples to the Weyl tensor. A family of static and spherically symmetric solutions
in vacuum is found, confirming that there are consistent solutions with explicit Lorentz violation in
dynamical spacetimes. These solutions produce an unconventional dependence of the gravitational
redshift, which, in turn, leads to the first bounds on such nondynamical tensor that do not rely on
the physics of the early universe. Moreover, the bounds obtained in this work are competitive with
respect to limits on similar nondynamical tensors.
I. INTRODUCTION
Local Lorentz invariance lies at the core of general
relativity (GR). This principle states that two identical
(local) experiments performed in two different inertial
frames must yield identical results. It also implies that
there are no preferred spacetime directions, which are
typically introduced through nondynamical tensors. Be-
ing one of the pillars of modern physics, it is important
to test local Lorentz invariance empirically. In addition,
in most quantum gravity proposals there are compelling
arguments that support the idea that local Lorentz in-
variance is broken (see, e.g., Refs. 1 and 2). Thus, some
aspects of the quantum nature of gravity could be un-
covered by looking for Lorentz violation.
The so-called Standard Model Extension [3–5] (SME)
is a framework that parametrizes all Lorentz violations
systematically. The SME action is built using effective
field theory [6], therefore, its action contains all terms
that can be built with the spacetime metric and the Stan-
dard Model (SM) fields that are independent under co-
ordinate and SM gauge transformations, but it includes
Lorentz violating terms. The size of each Lorentz violat-
ing term is controlled by the SME ‘coefficients’, for which
there are many experimental bounds [7].
Conveniently, the SME can be separated into sectors
inherited from conventional physics. This paper studies
the gravity sector of the SME [5]. It is also assumed that
gravity is completely described by a four-dimensional
pseudo-Riemannian metric, i.e., no additional gravita-
tional degrees of freedom, like torsion, are considered.
What is more, the SME has a natural hierarchy for its
action terms given by their mass dimension; those terms
of the smaller mass dimensions comprise the so-called
minimal sector.
The action for the minimal gravity SME sector, with
conventional matter, takes the form [5]
S =
1
2κ
∫
d4x
√−g (R + kabcdRabcd)+ Smatter, (1)
∗
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where κ is GR’s coupling constant and Latin indexes are
(abstract) spacetime indexes. Also, gab is the spacetime
metric (of signature −2) whose determinant is denoted
by g. Following the conventional practice, indexes are
lowered and raised with the metric and its inverse gab
and repeated indexes imply their contraction. Rabc
d is
the Riemann curvature tensor associated with gab, Rab =
Racb
c is the Ricci tensor and R = gabRab is the curvature
scalar. All the geometric tensors are defined following
the conventions of Ref. 8. Moreover, geometrized units
where G = 1 = c are utilized. Finally, kabcd are the SME
coefficients, which have the same index symmetries than
Rabcd, and Smatter is the matter action. Note that k
abcd
is dimensionless, but no other constraints are imposed a
priori on it, in particular, kabcd can have nonvanishing
derivatives.
To look for the phenomenological consequences of the
action (1) it is useful to split kabcdRabcd into irreducible
pieces
kabcdRabcd = −uR+ sabRab + tabcdWabcd, (2)
where Wabcd is the Weyl tensor, that is, the completely
traceless part of Rabcd. In this setup u, s
ab, and tabcd
are the SME coefficients, which are traceless. Moreover,
the index symmetries inherited from kabcd imply that sab
and tabcd have, respectively, nine and ten independent
components.
Clearly, the u term does not produce Lorentz viola-
tions; it merely changes the coupling constant. In addi-
tion, there are strong constraints on sab [9–21] (see also
Ref. 22 for a review). However, for reasons that are ex-
plained in the next paragraph, the tabcd coefficient re-
mains essentially unconstrained. Also, it has been shown
that u and sab can be “moved” to the matter action
through metric redefinitions [23]. For these reasons, only
the tabcd coefficient is considered here.
As is evident from the action (1), the metric variation
produces a modified Einstein equation with terms con-
taining kabcd. Now, the Einstein tensor and the matter
contribution (energy-momentum tensor) are divergence
free by virtue of the Bianchi identity and the fact that
Smatter does not contain nondynamical fields [24]. Yet,
there is no reason for the terms containing kabcd to have
2a vanishing divergence, as it is required for consistency.
This issue motivated the SME community to argue that,
when spacetime is dynamical, Lorentz violation must
arise spontaneously [5, 25]. Namely, that kabcd has to be
dynamical and its dynamics must select preferred space-
time directions. Many interesting results have been found
in the context of spontaneous Lorentz violation [26–30].
However, the procedure developed to study such viola-
tions in curved backgrounds [31] is rather cumbersome,
mainly because the detailed dynamics for the coefficients
is unknown. Remarkably, when this procedure is applied
to the tabcd term, it yields a trivial relation of the form
0 = 0, from which no physical information can be ex-
tracted [31–36]. This fact is known in the SME as the
‘t-puzzle’ [37] and, for some time, people were speculat-
ing if tabcd could be unphysical [23], until it was shown
that it produces physical effects in cosmology [38]. Still,
the question of what are the effects of tabcd at “smaller”
scales remained unanswered; tackling this question is the
main goal of this paper.
It is also assumed that Lorentz violation, even in a
dynamical spacetime, can be explicit (see also Ref. 39).
This assumption is motivated by the following argu-
ments: first, explicit Lorentz violation does not neces-
sarily brake invariance under diffeomorphisms [40], in
contrast to the case where the violation is spontaneous
[27]. Second, other gravitational degrees of freedom that
have not been observed (e.g., torsion) can “absorbe”
the restrictions from the divergence-free condition [40],
thus allowing the SME coefficients to be general. And
third, with the perturbation scheme employed here, when
Lorentz is spontaneously violated the spacetime back-
ground must be conformally flat [38] (i.e., the background
metric has to produce a vanishing Weyl tensor). In con-
trast, when Lorentz is explicitly broken, this restriction
is not present as there is no equation of motion for tabcd.
Therefore, by assuming explicit Lorentz violation it is
posible to look for the effects of the SME coefficients in
general spacetimes, including those that are static and
spherically symmetric.
This paper is organized as follows: in Sec. II the metric
equation of motion is obtained. Then, in Sec. III, the
symmetries under consideration are implemented. Next,
a comparison with experimental data is provided in Sec.
IV and the outlook and concluding remarks are presented
in Sec. V.
II. EQUATION OF MOTION
In this section the equation of motion for the ac-
tion (1) is derived in the case where kabcd = tabcd.
In addition, its divergence is obtained, which gives a
consistency relation. A stationary variation with re-
spect to the inverse metric generates an Einstein tensor
Gab = Rab − Rgab/2 and the energy-momentum ten-
sor Tab = −1/(2
√−g)δSmatter/δgab, for the Einstein-
Hilbert and matter parts of the action, respectively. It is
then necessary to obtain the variation of the tabcd terms.
Note that, wheneverWabcd is completely contracted with
the (traceless) tensor tabcd, it can be interchanged with
Rabcd; this is particularly useful when performing the
action variation. The variation of
√−gtabcdRabcd has
three pieces: one from the volume element
√−g, one
related to the fact that the Riemann tensor is actually
of rank (1, 3) and the index in the upper position is low-
ered with a metric, and one from the actual variation of
the Riemann tensor. The first and second parts of this
variation yield, respectively, −√−gtcdefRcdefgab/2 and
−√−gRcde(atcdeb), where indexes under parenthesis are
symmetrized with a 1/2 factor.
To calculate the remaining variation, the fact that
δRabc
d = −gde∇[a(∇b]δgec+∇|c|δgb]e−∇|e|δgb]c) is used,
where square brackets denote antisymmetrization, with
a 1/2, and indexes in between bars are not antisym-
metrized. The last expression implies
√−gtabcdδRabcd = −2
√−gtabcd∇a∇cδgbd. (3)
Now, neglecting boundary terms, as is the case through-
out this work, and using the relation of the variation for
the metric and the inverse, this equation becomes
√−gtabcdδRabcd = −2
√−g∇c∇dtc(ab)dδgab. (4)
After collecting all terms, it can be seen that the metric
equation of motion is
Gab− gab
2
tcdefRcdef−Rcde(atcdeb)−2∇c∇dtc(ab)d = κTab.
(5)
Observe that it is possible to replace Rabcd by Wabcd in
the second term on the left-hand side, but the third term
does depend on Rab. Also, due to index symmetries,
the two derivatives in the last term act symmetrically on
tabcd.
If Smatter is invariant under diffeomorphisms, i.e.,
Smatter does not depend on nondynamical fields [24],
it can be shown that the energy-momentum tensor is
divergence-free [8, page 456]. Thus, the divergence of
Eq. (5) is
0 =
1
2
∇a (tbcdeRbcde)+∇b (Rcde(at|cde|b))
+2∇b∇c∇dtc(ab)d, (6)
where the Bianchi identity is used. Interestingly, using
the index symmetries of tabcd, the fact that t[abc]d = 0,
and that two antisymmetric derivatives can be replaced
by the Riemann tensor, the last term can be brought to
the form
2∇b∇c∇dtc(ab)d = ∇b∇[c∇d]tcdba + 2∇[b∇c]∇dtbcda
= ∇b
(
Rcde
[at|cde|b]
)
+Rcde
a∇btcdeb.
(7)
Then, the consistency condition becomes
0 =
1
2
∇a
(
Rbcdet
bcde
)
+∇b
(
Rcdeat
cdeb
)
+Rcdea∇btcdeb,
(8)
3where, again, the Riemann tensor in the first term can
be replaced by Wabcd.
Notice that Eq. (8) has no additional information than
Eq. (5). However, it is extremely useful as it only con-
tains first derivatives. Nevertheless, finding analytical
solutions of the theory is nontrivial and one must intro-
duce symmetries to achieve this goal. This is done in the
next section.
III. STATIC AND SPHERICALLY-SYMMETRIC
SOLUTIONS IN VACUUM
In this section a solution for Eq. (5) is obtained in
vacuum, i.e., outside gravitational sources. It is also as-
sumed that the solution is static and spherically symmet-
ric. Static means that there is a timelike Killing field that
is hypersurface orthogonal [8], and it is convenient to use
the parameter along its integral curves as a time coor-
dinate t. In terms of this coordinate, the assumption of
hypersurface orthogonality implies that all fields are un-
changed if t goes to −t. On the other hand, spherical
symmetry, loosely speaking, means that there are three
spacelike Killing vectors satisfying the so(3) algebra.
It is widely known [8, page 121] that in the coordinates
adapted to this symmetries, t, r, θ, φ, the metric takes the
form
ds2 = −fdt2 + hdr2 + r2(dθ2 + sin2 θdφ2), (9)
where f = f(r) and h = h(r) are arbitrary functions of
the ‘radial’ coordinate r. The symmetries are imposed
on tabcd by requiring its Lie derivative along all Killing
fields to vanish [41]. The nonzero components of the most
general tabcd that is static and spherically-symmetric are
ttrtr = T, (10)
ttθtθ = ttφtφ sin2 θ =
−hT
2r2
, (11)
trθrθ = trφrφ sin2 θ =
fT
2r2
, (12)
tθφθφ =
−fhT
r4
csc2 θ. (13)
where T = T (r) is another arbitrary function. Notably,
the fact that tabcd has only one independent component
can be understood from making further decompositions
that are analogous to those done to the Weyl tensor
[42, 43]. Even though the spacetime region under consid-
eration has no matter fields, for mathematical purposes,
tabcd acts as matter in an Einstein equation. Therefore,
Birkhoff’s theorem, which would imply that spacetime is
Schwarzschild, does not apply, and, generically, there are
no reasons for fh to be one [44, 45].
The equations are solved using a perturbative scheme,
which is justified by the fact that, in any reference frame
that is relevant for testing local Lorentz invariance, tabcd
should be small since, to date, there is no empirical evi-
dence of its violation. Thus, the metric is separated into
a background metric and a perturbation that is of the
same order than tabcd. Now, to keep track of the pertur-
bative orders, a parameter ǫ is introduced. Assuming a
Schwarzschild background, to first order in ǫ, the metric
and the tabcd components become
f =
(
1− 2M
r
)
(1 + ǫδf) , (14)
h =
1 + ǫδh
1− 2Mr
, (15)
T = ǫδT, (16)
whereM is a positive parameter that represents the mass
of the star or planet sourcing gravity, and δf , δh, and δT
are functions of r that are determined below.
Equation (8) is linear in tabcd, therefore, all the geo-
metrical objects in this equation can be replaced by the
corresponding background tensors. Moreover, as it is ex-
pected from the symmetries, Eq. (8) has only one non-
trivial component: the r component. This equation then
becomes
12M (2rδT ′ − 3δT )
r4
= 0, (17)
where the prime denotes a derivative with respect to
r. Since r > 0, this equation is readily solved yield-
ing δT ∝ r3/2. Absorbing the undetermined factor in ǫ,
it is possible to take
δT =
( r
M
)3/2
. (18)
Recall that the fact that the SME coefficient takes a par-
ticular form is a direct consequence of the divergence-
free condition, which, in turn, is due to the fact that the
Lorentz violation is explicit.
The solution (18) is inserted into Eq. (5), which, with
the symmetries under consideration, contains three in-
dependent nontrivial equations: tt, rr, and θθ. Surpris-
ingly, the tt component of Eq. (5) only involves δh:
0 =
r − 2M
r3
[
(r − 2M)δh′ + δh+ 9
2
√
r
M
(
5r
M
− 12
)]
.
(19)
Since attention is set on the r > 2M spacetime region,
which describes the exterior of the source, the terms in-
side the brackets in Eq. (19) need to vanish. The solution
is
δh =
−9 (r/M)3/2 (r − 4M) + c1M
r − 2M , (20)
with c1 a dimensionless integration constant. Using this
last equation, the rr component of Eq. (5) takes the form
δf ′ =
c1M
2 − 9
√
r/M
(
2M2 − 7Mr + 2r2)
M(r − 2M)2 . (21)
This equation can be integrated, leading to
δf =
−6(r/M)3/2(2r −M)− c1M
r − 2M + c2, (22)
4where c2 is another integration constant. Importantly, it
is possible to verify that the other independent equation,
namely, the θθ component of Eq. (5), is automatically
satisfied, as expected. Note that, by first solving Eq. (8),
no second order equation has to be solved.
Importantly, for a given M , all the vacuum static and
spherically symmetric solutions of the theory described
by the action (1) have been found, in the perturbative
scheme under consideration, and are completely charac-
terized by three parameters: ǫ, c1, and c2.
It is tempting to claim that the solutions that are
found are problematic because δT , δh, and δf diverge
as r → ∞. What is more, the curvature scalar R also
diverges when r → 2M . However, in these spacetime
regions, the functions δT , δh, and δf become arbitrar-
ily large, which brakes the perturbative scheme under
consideration. Therefore, to study the asymptotic and
singular spacetime structure one needs to solve the exact
theory. Nevertheless, if one eventually finds that there
are no asymptotically flat solutions, it would imply that
the theory cannot properly describe isolated bodies and
it would shed light into the aforementioned t-puzzle since,
in Ref. 31, asymptotic flatness is imposed a priori.
In the next section, the phenomenological implications
of the theory in the vicinity of the Earth are analyzed,
leading to bounds on tabcd.
IV. EXPERIMENTAL CONSTRAINTS
Typically, to constrain a static and spherically sym-
metric geometry, it is possible to perform a post-
Newtonian expansion and compare with the constraints
on the PPN parameters [46]. However, in the case at
hand, there is no direct translation to the PPN param-
eters because the theory has no Newtonian limit. This
can be understood by noting that, for a generic tabcd and
when Tab = 0, Minkowski is no solution of Eq. (5). For-
tunately, the presence of Killing vector fields allows one
to easily calculate the geodesics [8, 47] (see Ref. 48 for an
extension of this method), which represent the trajecto-
ries of light and material probes.
In fact, the existence of a hypersurface-orthogonal
timelike Killing vector field (∂/∂t)a allows one to fol-
low the textbook calculation to get the frequency shift of
light, conventionally known as redshift (see, e.g., Ref. 8,
pages 136-137). This calculation becomes simpler for ob-
servers whose velocities are proportional to (∂/∂t)a and
which are connected by a radial null geodesic (i.e., they
have the same angular coordinates). If the radial coor-
dinates for the emitter and receptor are, respectively, r1
and r2, then
ω2
ω1
=
√
gtt(r1)
gtt(r2)
=
√√√√1− 2Mr1
1− 2Mr2
{
1 +
ǫ
2
[δf(r1)− δf(r2)]
}
,
(23)
where ω1 and ω2 are the frequencies of light as measured
by the emitter and the receptor, respectively. Recall that
this result can be reinterpreted as an r-dependent rate of
time.
Note that the square root in the last identity coincides
with the GR effect, (ω2/ω1)GR, and that c2 cancels out.
Now, for the relevant experimental setups M ≪ r1 and
M ≪ r2, thus, to first order in M/r, ∆ω = ω2 − ω1
satisfies (
∆ω
ω1
)
GR
=
M
r2
− M
r1
, (24)
which coincides with the difference in the Newtonian po-
tentials. In addition, the O(ǫ) factor becomes
ǫ
2
[δf(r1)− δf(r2)] = 6ǫ
M3/2
(
r
3/2
2 − r3/21
)
, (25)
where it is further assumed that |c1| < M/r1 and |c1| <
M/r2 to neglect the terms containing c1.
The best constraint to the gravitational redshift has
been obtained with the GREAT experiment [49] which
uses two satellites of the European satellite navigation
system, known as Galileo, that were (accidentally) de-
livered on elliptic orbits. These orbits produce a mod-
ulation on the gravitational redshift that can be mea-
sured using the onboard atomic clocks. To report the
experimental limit, a 1+α factor is inserted in the right-
hand side of Eq. (24), where α parameterizes deviations
from GR. The main result of this experiment is that
|α| < 2× 10−5, with a 1σ statistical significance.
In the theory under consideration, the term given in
Eq. (25) plays the role of α, and thus, its absolute value
must be smaller than 2 × 10−5. It turns out that, for
both satellites, the semi-major axis and the eccentricity
are, respectively, 2.8 × 107 m and 0.162 [50]. With this
data, the limit on α can be translated to |ǫ| < 3× 10−19.
Given that the nonvanishing components of tabcd are
independent of c1 and c2, it is enough to have a constraint
on ǫ to place bounds on these components. The limit on
ǫ implies that, at the Earth’s surface, |T | = |ǫ|(r/M)3/2
must be smaller than 1.7× 10−5, therefore∣∣ttrtr∣∣ < 1.7× 10−5,∣∣ttθtθ∣∣ , ∣∣ttφtφ∣∣ , ∣∣trθrθ∣∣ , ∣∣trφrφ∣∣ < 2.1× 10−19 m−2,∣∣tθφθφ∣∣ < 1.0× 10−32 m−4,
where the length units appear to compensate for the fact
that the covectors associated with the angular coordi-
nates, which are used to extract the corresponding tabcd
components, are dimensionless. Also, for the estimation
of these bounds, the trigonometric functions are taken to
be of order 1.
To translate these bounds to a Sun-centered orthonor-
mal frame (T,X, Y, Z), following the SME convention [7],
it is necessary to first change coordinates to isotropic
Schwarzschild coordinates [51] (the ǫ effects are neglected
because tabcd is order ǫ). Then the spatial spherical coor-
dinates must be made Cartesian, and finally a translation
5of the origin to the center of the Sun must be performed,
in which the effects of curvature and the relative veloc-
ity of the Earth with respect to the Sun are neglected.
After all these steps are performed, the results become
limits on linear combinations of the tabcd components.
However, to report the results, only a single nonvanish-
ing component is considered at a time. The best bounds
obtained for every component are summarized in Table I,
where identities between the components are used (see,
e.g., Ref. [43]). For the sake of comparison, the limits
on the sab in the same reference frame range from 10−11
to 10−8, indicating that the bounds obtained here are
competitive.
Table I. Limits on tabcd in the conventional SME Sun-centered
frame.
Components Bound
∣
∣t
TXTX
∣
∣,
∣
∣t
Y ZY Z
∣
∣ < 4.4× 10−13
∣
∣t
TXTY
∣
∣,
∣
∣t
TXTZ
∣
∣,
∣
∣t
Y ZXZ
∣
∣,
∣
∣t
Y ZXY
∣
∣ < 5.0× 10−9
∣
∣t
TY TY
∣
∣,
∣
∣t
TZTZ
∣
∣,
∣
∣t
XZXZ
∣
∣ < 2.7× 10−4
∣
∣t
TY TZ
∣
∣,
∣
∣t
XYXZ
∣
∣ < 1.5× 10−5
∣
∣t
XYXY
∣
∣ < 7.7× 10−5
V. CONCLUSIONS
In this work explicit Lorentz violation is studied in the
gravity sector. In particular, the effects of the so-called t
term are considered in vacuum and for static and spheri-
cally symmetric cases, which is a good approximation to
describe the exterior of a star or a planet. Remarkably,
using a simple perturbative scheme and the Bianchi iden-
tity, all the solutions can be found analytically, showing
that it is indeed possible to find consistent solutions in
a theory with explicit Lorentz violation on a dynamical
spacetime. In addition, these solutions give further ev-
idence that the t term does produce physical effects: it
modifies the metric dependence on the radial coordinate.
The phenomenological implications of the theory are
studied to obtain quantitative limits on the SME coef-
ficients. As expected, the theory produces an unusual
dependence of the gravitational redshift on the radial co-
ordinate. This is enough to place bounds on the t coeffi-
cient, which are the first bounds placed on this coefficient
without appealing to a concrete history of the early uni-
verse. Moreover, these bounds, when translated into the
conventional SME frame, are competitive with other lim-
its found in the gravity sector.
The empirical bounds obtained here arise from obser-
vations in the Earth’s gravitational environment. How-
ever, the fact that t depends on the mass of the source
suggests that it may be more natural to use the Sun as
the source, mainly because the Sun-centered frame is the
conventional reference frame in the SME. In addition, ex-
periments where the Sun is the gravitational source may
lead to better bounds on t. Perhaps the most relevant
example of these tests is the Shapiro time delay [52, 53],
which yields the most stringent bounds among the ‘clas-
sical’ tests of general relativity in the parametrized post-
Newtonian framework.
Finally, note that the analysis presented here is insen-
sitive to the t components that have only one time in-
dex. This is, of course, a direct consequence of assuming
staticity. Therefore, to look for the effects of the remain-
ing t components using planets or stars as the source,
it is necessary to include their rotation, which, for the
sources at hand, is very small. This indicates that the
components with a single time index are not going to be
well constrained with extensions of this work.
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